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Abstract
We construct an action for the composite Dirac fermion consistent with symmetries
of electrons projected to the lowest Landau level. First we construct a generalization
of the g = 2 electron that gives a smooth massless limit on any curved background.
Using the symmetries of the microscopic electron theory in this massless limit we
find a number of constraints on any low-energy effective theory. We find that any
low-energy description must couple to a geometry which exhibits nontrivial curvature
even on flat space-times. Any composite fermion must have an electric dipole moment
proportional and orthogonal to the composite fermion’s wavevector. We construct the
effective action for the composite Dirac fermion and calculate the physical stress tensor
and current operators for this theory.
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1 Introduction
Interacting electrons in a magnetic field can form strongly entangled incompressible fluids:
the fractional quantum Hall states [1, 2]. One of many interesting families of fractional
quantum Hall states are the Jain states, with filling fractions ν = N
2N+1
, N+1
2N+1
respectively,
which have been observed from N = 1 all the way to N = 10 [3]. These states are crucially
related to the theory of the half-filled Landau level, a gapless state conjectured to be described
by a neutral Fermi liquid coupled to a dynamical gauge field. These fermions have been
observed experimentally [4–6]. An early conjectured theory of the half-filled state is the
Halperin-Lee-Read theory [7]. This description, however, fails to capture all of the features
of electrons projected to the lowest Landau level and the particle-hole symmetry of electron-
electron interactions in this limit [8, 9]. A new conjectured model for electrons near half
filling is Son’s composite Dirac fermion model [10, 11]. Its key ingredients are a neutral
Fermi surface1 with Berry phase π coupled to a dynamical gauge field. This theory is, on
flat space and to lowest order in derivatives,2
iΨγµ (∂µ − iaµ) Ψ− 1
4π
Ada+
1
8π
AdA. (1.1)
Here Ψ is the composite Dirac fermion, as opposed to the original electrons which we will
designate Ψe, and our conventions for Chern-Simons terms are that Ada = ε
µνρAµ∂νaρ. In
this paper we will use the representation
γ0 = σ3, γ1 = iσ2, γ2 = −iσ1,
iΨγµDµΨ = iΨ
†D0Ψ+ iΨ
†σiDiΨ. (1.2)
Note that as the gauge field a is linear in the action it acts as a Lagrange multiplier enforcing
the constraint that
Ψ†Ψ = j0CF =
B
4π
, (1.3)
so the magnetic field acts as a chemical potential, giving us a Fermi surface. geometric
fluctuations of this Fermi surface can be identified with the magneto-roton density wave
excitations of some fractional quantum Hall states [15]. We can calculate the total electric
charge as well by varying A0, giving
j0 =
B − b
4π
(1.4)
where b is the magnetic field of a. To move away from half-filling we must turn on a
magnetic field in a. We use a regularization convention for the Dirac field that is particle-
hole symmetric, so that NCF = 0 when we fill all hole levels and half of the zeroth level. The
1The original HLR theory also has composite fermions which are electrically neutral, as emphasized by
Read [12, 13].
2While the Chern-Simons terms appear to be incorrectly quantized, this can be fixed by a field redefinition
a→ −2a and adding an additional gauge field as Lagrange multiplier as discussed in [14].
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degeneracy of each Dirac Landau level on the plane is |nφ|, where nφ =
∫
b
2pi
. Therefore if
we tune nφ = ± Nφ2N+1 we have precisely enough composite fermions to fill N positive Landau
levels. We can easily calculate the filling fraction to be ν = 1
2
∓ 1
4N+2
, the Jain series.
In such a state, integrating out the composite fermions generates the Chern-Simons term
± N +
1
2
4π
ada (1.5)
where the ± is given by the sign of b. Ignoring higher derivative terms and integrating out
a gives the Chern-Simons term
(
1
2
∓ 1
4N + 2
)
1
4π
AdA =


N
2N+1
1
4pi
AdA for b > 0
N+1
2N+1
1
4pi
AdA for b < 0
(1.6)
an effective action which of course gives the correct Hall conductance and filling fraction for
the Jain sequences.
Consider now the composite fermion on a sphere with flux nφ so that we can calculate
the topological shift [16]. We need to couple the Dirac field to the spin connection as well
as add additional Chern-Simons terms,
iΨγµ(∂µ − iaµ + i
2
σ3ωµ)Ψ− 1
4π
(A+
1
2
ω)da+
1
8π
(A+
1
2
ω)d(A+
1
2
ω).34 (1.7)
The number of fermions it takes to fill up to the N th positive Dirac Landau level on a sphere
with flux nφ is
|nφ|(N + 1/2) +N(N + 1) (1.8)
so upon integrating out the composite fermion we must generate the following Chern-Simons
terms
± N +
1
2
4π
ada +
N(N + 1)
4π
adω. (1.9)
Integrating out a now gives
N
2N + 1
1
4π
Ad(A+ (N + 2)ω) for nφ > 0, (1.10)
N + 1
2N + 1
1
4π
Ad(A+ (1−N)ω) for nφ < 0, (1.11)
confirming that the shift is N+2 or 1−N , in agreement with particle-hole symmetry [17,18].
The main goal of this paper is to generalize (1.7) to general curved non-relativistic space-
times while enforcing symmetries of lowest Landau level electron theories.
3One can motivate the combination A + 1
2
ω that we couple to by starting with the relativistic particle-
vortex duality [14] between two relativistic spin 1/2 theories and then the transformation property that
allows us to relate spinful and spinless electron theories (2.21), though it is equally justified by reproducing
the correct topological shift for spinless electrons in the lowest Landau level.
4There are also additional gravitational Chern-Simons terms ΓdΓ + 2
3
Γ3 and ωdω that we will not keep
track of.
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The rest of this paper is structured as follows. In section 2 we define a generalization of
the g = 2 electron such that it has a smooth massless limit on arbitrary curved backgrounds.
We find that this g = 2, m = 0 theory has symmetries in addition to Galilean invariance, and
discuss how these symmetries constrain any low-energy effective theory. These constraints
forbid a neutral particle from coupling directly to the original spin connection, and we must
therefore define a new connection to which any low-energy description must couple. In
section 3 we construct an action for the Dirac composite fermion which at lowest order in
derivatives gives (1.7), finding that including the time derivative necessitates also including
an electric dipole moment of the form ~d = ℓ2B zˆ×~k where ℓB = 1/
√
B is the magnetic length..
A note on conventions: as we wish to couple our theories to general non-relativistic
curved backgrounds and will use the Newton-Cartan conventions outlined in [19, 20], which
also contain extensive references to the vast literature on Newton-Cartan geometry. For
a quicker review on this formalism see the review in [21]. However we stress a notational
difference, in this paper the Newtonian gravitational potential form is denoted α, not to be
confused with the statistical gauge field of the composite fermion theory a.
2 Lowest Landau level electrons in 2 + 1 dimensions
Projection to the lowest Landau level is only well-defined for general electromagnetic field
backgrounds when the electron has a magnetic dipole moment with g = 2. It is useful to
recall that at g = 2 we can rewrite the (flat space) Schro¨dinger action for an electron ψe via
Hubbard-Stratonovich transformation [22] as
L = i
2
ψ†e
↔
Dtψe − χe(Dψ†e)− χ†eDψe +mχ†eχe + Lint(ψe, ψ†e). (2.1)
where Dµ = ∂µ− iAµ, D = D1− iD2, D = D1+ iD2. It is clear from this construction that
as m→ 0 the χe equation of motion is the holomorphic constraint Dψe = 0. This is simply
the second quantized version of the holomorphic constraint on the many-body wavefunction.
Holomorphic trial wavefunctions have been used to calculate effective actions [23–25]. It has
also explicitly been shown that the integer quantum Hall effective action is regular in this
limit [26, 27].
Recalling that the nonrelativistic limit of a Dirac electron gives a nonrelativistic theory
with g = 2, we will consider Dirac-like representations similar to the 3+1D representations
discussed in [28, 29]. Consider the following representation of Gal(2, 1),
K1e =
(
0 0
i/2 0
)
, K2e =
(
0 0
−1/2 0
)
, Je =
(
s 0
0 s− 1
)
, (2.2)
Λe =
(
eisθ 0
−1
2
eisθ(k1 + ik2) e
i(s−1)θ
)
, Ψe → Λe ·Ψe, Ψe =
(
ψe
χe
)
. (2.3)
As we will demonstrate, this describes an electron of spin s and a g-factor of 2.
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The connection in this basis is
ωe = iJeω − iKae̟a =
(
isω 0
1
2
(̟1 + i̟2) i(s− 1)ω
)
, (2.4)
such that the covariant derivative
∇Ψe = ∂Ψ + ωe ·Ψe (2.5)
transforms covariantly, ∇Ψe → Λe · ∇Ψe. We can similarly construct the transformation
properties for the conjugate field Ψ†e,
Λe† = (Λe)
†,ωe† = (ωe)
† (2.6)
Ψ†e → Ψ†e(Λe)†, ∇Ψ†e = ∂Ψ†e +Ψe · (ωe)†. (2.7)
As with single component Schro¨dinger representations, if this field is massive then due to
the transformation properties of α we must construct a covariant extended derivative,
DµΨe = ∇µΨe − iAµΨ− imαµΨe, DAΨe = eµADµΨe, DIΨe = (D0Ψe, DaΨe, imΨe), (2.8)
which transforms as DIΨe → (Λ−1)J IΛeDJΨe. Following the intuition of the one-derivative
theories in 3+1D described in [28, 29] we wish to write a Dirac-like action. There exists a
set of invariant matrices,
γI =


(
1 0
0 0
)
σ1
σ2(
0 0
0 −2
)


, Λ†eγ
IΛe = Λ
I
Jγ
J , (2.9)
such that the kinetic term
i
2
(
Ψ†eγ
IDIΨe −DIΨ†eγIΨe
)
(2.10)
is invariant under local Galilean transformations and reduces to (2.1) in flat space. Note
that χe has no time derivatives
5 and is simply a Lagrange multiplier. We can integrate it
out and find a Schro¨dinger action with a g-factor with g = 2, which gives the equation of
motion for ψe
1
2m
gIJ(DI − 1
2
TI)(DJ − 1
2
TJ)ψe +
i
4m
nAε
ABCRˆABψe = 0 (2.11)
5This is only true on causal backgrounds: when n∧dn = 0 we can define a global time coordinate t such
that n = f(t, x, y)dt and the action has no t derivatives of χe.
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where TI = Π
A
Ie
µ
AT
λ
λµ and RˆAB is a generalized curvature tensor (as we will see this is
really only purely a curvature tensor on torsionless backgrounds) defined as follows: Recall
that for a derivative operator we define the torsion and curvature as
(DIDJ −DJDI)ψe = RIJψe − TKIJDKψe. (2.12)
This curvature term has suppressed spinor indices and is not simply an index contraction of
the Riemann tensor. The still messier object RˆIJψe defined as
RˆIJψe =
[
(DI − 1
2
TI)(DJ − 1
2
TJ)− (DJ − 1
2
TJ)(DI − 1
2
TI)
]
ψe (2.13)
= RIJψe − TKIJDKψe − 1
2
(DITJ −DJTI)ψe (2.14)
is n-orthogonal in both indices, and therefore can be written as a pushforward
RˆIJ = Π
A
IΠ
B
JRˆAB. (2.15)
The second term in (2.11) is a generalized g = 2 magnetic moment term containing B
2m
ψe −
sR
2m
ψe among others. It is clear from this construction that integrating out χe to find a
standard Schro¨dinger action does not work at m = 0. The χe equation of motion is
2miχ = (D1 + iD2)ψe − 1
2
(T1 + iT2)ψe. (2.16)
At m = 0 (on torsionless backgrounds) the χ equation of motion is the curved space gener-
alization of lowest Landau level constraint that the wave-function is holomorphic, D¯ψe = 0.
We therefore identify our two-component theory at m = 0 as the covariant generalization of
the g = 2, m = 0 limit of electrons in a magnetic field6.
Note that in the massless limit we do not need to work with the extended derivative
DIΨe and can write the action simply as
i
2
(
Ψ†eγ
ADAΨe −DAΨ†eγAΨe
)
, (2.17)
where DAΨe = e
µ
A (∂µ + (ωL)µ − iAµ) Ψe and γA = ΠAIγI =
((
1 0
0 0
)
, σ1, σ2
)
.
We can also include Coulomb interactions as the electron density Ψ†enAσ
AΨe = ψ
†
eψe is
Galilean invariant, and so we can include for instance a local |ψe|4 interaction.7
6Earlier attempts at constructing effective actions in the g = 2 massless limit can be found in [30, 31]
7It is possible to include other long-range interactions though they can be more difficult, as our formulation
is intrinsically three dimensional. For instance to include a 1/r Coulomb interaction this is most easily done
by confining the electrons to a 2+1D hypersurface and allowing the Coulomb potential to exist in 3+1D,
such that taking ρφ+ φ3φ leads to a 1/r potential for density-density interactions.
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2.1 Symmetries of the microscopic theory
The g = 2 electron has more symmetries than just local Galilean invariance. Unlike the case
of a single component nonrelativistic theory, where one can have a symmetry exchanging
A, ω, α, we have a similar symmetry mixing their temporal components. In particular, the
action is invariant under
A→ A+ (sξ + 1
2
ǫabζab −mθ)n,
ω → ω + ξn,
α→ α+ θn,
̟
a →̟a + ζabeb. (2.18)
Assuming these shift symmetries are not anomalous, general coordinate covariance requires
that the generating functional must be of the form
Z
[
e
I ,ωAB,A
]
= Z
[
e
A,A+mα− sω − 1
2
Ωn
]
(2.19)
where
Ω = uµεµνρh
νλ∇λuρ = ∂1u2 − ∂2u1 +̟21 −̟12 − ωaua (2.20)
is the vorticity of an as yet unspecified unit normal vector (that is, nµu
µ = +1).
We can relate two different theories with differing electron spin by a field redefinition, in
particular
Z[s′,A,ω] = Z[s,A+ (s− s′)ω,ω]. (2.21)
Because of this for the rest of this work we will assume the electron to have spin zero with
respect to SO(2), knowing that we can easily shift to arbitrary values.
Taking the LLL limit at s = 0 yields an even more constrained theory, where the partition
function must be of the form
Z[eA,A− 1
2
Ωn] (2.22)
which of course implies
δZ
δαµ
|δωAB=0 = 0, (2.23)
implying the (unimproved) mass current vanishes identically.
There are a few additional constraints: If we treat ωC
A
B = e
µ
Cωµ
A
B as the variable
independant of the tetrad, then8
δZ
δω0
=
δZ
δ̟10
=
δZ
δ̟11
=
δZ
δ̟20
=
δZ
δ̟22
= 0. (2.24)
In what follows we will focus on the spinless LLL electron theory and thus define
A = A− 1
2
Ωn, (2.25)
where the choice of unit timelike vector will be described in the next section.
8If we chose s = 1
2
then this changes to δZ
δω1
= δZ
δω2
= δZ
δ̟10
= δZ
δ̟11
= δZ
δ̟20
= δZ
δ̟22
= 0.
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2.2 The effective drift velocity
As stated above we need a timelike vector whose vorticity we use to construct A. Following
the philosophy of [32], we will construct an effective drift velocity from A and equate that
with the uA used in defining the vorticity Ω,
F = dA, B = nµεµνρFνρ/2,
Uµ = εµνρFνρ/2B, uµ = Uµ. (2.26)
We can formally solve this in a derivative expansion, as u is two derivatives higher than A.
The leading term is simply the drift velocity of the electromagnetic field,
uµ = εµνρFνρ/2B + . . . (2.27)
If we consider small perturbations about flat space with a constant magnetic field B0, we
find
δua(k) =
2δeat + ℓ
2
Bk
akbδebt + 2ℓ
2
Bε
abδEb + ℓ4Bk
aωδB + iℓ2Bε
abkb(δ̟1y − δ̟2x)
2 + ℓ2B
~k2
, (2.28)
where ℓB = 1/
√
B0 is the magnetic length. which at leading order in derivatives is
δua = δeat + ℓ
2
Bε
abδEb +O(k) (2.29)
as claimed above. Note that if we restrict to torsion-free backgrounds, then we are guaranteed
that ωAB ∼ ∂eI , and therefore
uµ = εµνρFνρ/2B +O(∂2). (2.30)
Note that while we could have added additional higher derivative terms to the definition of
A or U , at lowest order any construction of a preferred frame consistent with the symmetries
described will reduce to (2.30) at lowest order.
2.3 Effective connection
Our conjectured composite Dirac fermion theory (1.7) couples to a spin connection in order
to reproduce the topological shift. Due to (2.24) we cannot couple any low-energy theory
directly to ω.9 Unlike in Lorentzian systems, there is no preferred torsionless backgrounds
except in the special case where dn = 0. However, even in this case, the structure equation
defining the Newtonian connection,
T
I = deI + ωIJ ∧ eJ = 0 (2.31)
9Even if we consider the case of spinful electrons, we find that the spin connection must appear in
combination with the electromagnetic field as A − sω, and therefore neutral particles cannot minimally
couple to ω.
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yields a connection dependent on α, violating (2.23). We instead need to choose a structure
equation defining a new connection ω˜ satisfying our constraints on the LLL electron theory.
Consider the connection defined by the following structure equation10,
T
I(eI , ω˜AB) = u
Idn+ nId
u
α, (2.32)
where
u
α = uIe
I = α + eaua − 1
2
uau
a
n is simply α measured in the frame eµ0 = u
µ and
uI = (1, ua,−1
2
uau
a)T is the null extension of uA. Direct inspection of components confirms
that α cancels from both sides of the lowest component equation,
T 4 = dα−̟a ∧ ea = d(α+ eaua)− uauadn− 1
2
d(uau
a) ∧ n (2.33)
and therefore this connection is independent of α. Even on backgrounds where dn = 0
this connection is explicitly different than the Newtonian connection, as it does not carry
information about the gravitational potential α.
In flat space, the connection is
ω˜t = ˜̟
1
y = − ˜̟ 2x = 1
2
∇× u, ˜̟ at = −1
2
∂a(~u
2)− ∂tua, (2.34)
with all other components zero. The most important result from this is that for small
electromagnetic perturbations about a constant magnetic field we have
ω˜ = −∇ · E
2B
dt+O(δ2), ˜̟ i = −∇ ·E
2B
εijdxi − ε
ijE˙j
B
dt+O(δ2). (2.35)
This strange looking connection has a reasonably simple geometric interpretation, which we
can study by looking at the geodesic equation. In flat space,
vν∇˜νvµ = 0 (2.36)
where we emphasize vµ is a velocity field for our gedesics and not a Newton-Cartan field,
can be rewritten as a geodesic coupled to external effective electromagnetic fields
v˙i + vj∂jv
i = F(eff)
i
jv
j, Ei(eff) = −u˙i −
1
2
∂i(~u
2), B(eff) = ∇× u. (2.37)
In the limit of small perturbations about a constant magnetic field, this is simply
Ei(eff) = −
εijE˙j
B
, B(eff) = −∇ · E
B
. (2.38)
Note that, from our construction, any effective theory describing electrons in the lowest
Landau level must couple to this connection. An interesting question we do not investigate
further here is whether there is a deeper physical interpretation of this geometry.
10For alternative methods of treating torsion in transport of topological phases see for example [33, 34]
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3 Dirac composite fermion
We wish to write a composite Dirac fermion action in a way respecting the symmetries of
our g = 2, m = 0 electron. Recall that in flat space 2+1D Dirac kinetic term is
iΨγµ∂µΨ = iΨ
†
[
(γ0)2∂0 + γ
0γi∂i
]
Ψ = iΨ†
[
∂0 + σ
i∂i
]
Ψ (3.1)
in the representation γ0 = σ3, γ1 = iσ2, γ2 = −iσ1.
Up to field redefinitions there are only two different two-dimensional representations for
fixed spin (that allow for gamma matrix kinetic terms) of Gal(2, 1), namely (2.2) and
J =
(
s 0
0 s− 1
)
, Ka =
(
0 0
0 0
)
. (3.2)
The composite Dirac fermion has s = 1
2
.11 In this representation
Λ =
(
eiθ/2 0
0 e−iθ/2
)
, Ψ→ Λ ·Ψ, Ψ =
(
ψ
χ
)
. (3.3)
Enforcing (2.23) means that the composite fermion is massless, MΨ = 0. The covariant
derivative of Ψ is
∇˜µΨ = ∂µΨ+ i
2
σ3ω˜µ ·Ψ (3.4)
using the Galilean connection ω˜ defined via (2.32). Note that because Ψ is massless, ∇˜µΨ is
invariant under U(1)M . As previously discussed, we want to couple the composite fermion
to a new gauge field a (not to be confused with the mass potential α), and so the fully
covariant derivative is
DµΨ = ∂µΨ− iaµΨ+ i
2
σ3ω˜µΨ. (3.5)
Note that any appearance of DΨ involves coupling to ω˜, not ω and we simply drop the
tilde for neatness. Since we require a 2+1D Dirac kinetic term, we need an extended tensor
whose spatial components are Pauli matrices. Note that boost invariance tells us that the
invariant gamma matrices in the fundamental representation must be
σA =


(
0 0
0 0
)
σ1
σ2

 (3.6)
Unlike our previous discussion in this representation there exists no extended tensor invariant
under
ΛIJ(Λ
†)−1σJ(Λ)−1 = σI , (3.7)
11Unlike in Lorentzian systems we are not required to take s = 1/2, however this choice is necessary to
reproduce the correct shift of Jain states.
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whose pullback is σA. So far we have no time derivatives. However as discussed previously
in systems where we have a finite magnetic field turned on we can construct a preferred rest
frame and take a time derivative with respect to that,
iΨ†uµDµΨ (3.8)
where in order to enforce the lowest Landau level constraint we will use the frame defined
by (2.26), which from here on out we will always assume.
At which point we may write the kinetic term for the Dirac action to reproduce (1.2),
i
2
uµ
(
Ψ†DµΨ−DµΨ†Ψ
)
+
ivF
2
(
Ψ†σaDaΨ−DaΨ†σaΨ
)
(3.9)
where vF, the Fermi velocity, is a phenomenological parameter determined by the microscopic
physics. Note that, at leading order in derivatives, the time derivative term includes a
coupling directly to the electric field,
iEaε
ab
2B
Ψ†
↔
DbΨ, (3.10)
which in momentum space is simply −ℓ2B( ~E×~k)Ψ†Ψ. This is simply an energy cost for being
in an electric field of the form ~E · ~d, an electric dipole moment. The composite Dirac fermion
therefore has an electric dipole moment proportional to and orthogonal to its wave-vector,
~d = ℓ2B zˆ×~k. Note that this is not special to the case of the composite Dirac fermion, as the
massless constraint would imply that a time derivative for a single component Schro¨dinger
field also has an electric dipole moment of the form zˆ × ~k. Composite fermions having this
electric dipole moment has been shown before in other contexts [7, 35].
We can therefore generalize (1.7) to satisfy all of our Galilean and LLL constraints with
the action
S =
∫
|e| i
2
(
uAΨ†
↔
DAΨ+ vFΨ
†σa
↔
DaΨ
)
− 1
4π
∫
(A+ 1
2
ω˜)da+
1
8π
∫
(A+ 1
2
ω˜)d(A+ 1
2
ω˜) (3.11)
where we have not included long range Coulomb interactions. Note that in flat space with
small electric and magnetic fluctuations about constant B,
A+
1
2
ω˜ = A+
∇ · E
4B
dt. (3.12)
3.1 Conserved currents for the composite fermion
Following [21] we define the currents
εµ =
δS
δnµ
∣∣∣∣
δea=δα=δωAB=0
, T µν = eνA
δS
δeˆAµ
∣∣∣∣
δn=δT I=0
, sµνλ = eνAe
λ
B
δS
δωˆµAB
∣∣∣∣
δeI=0
(3.13)
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where εµ is the energy current, T µν is the Cauchy stress-mass tensor and sµνλ is the spin-
boost current. In addition, we also have the usual electromagnetic charge current
Jµ =
δS
δAµ
(3.14)
On torsionless backgrounds and on-shell, invariance of the action under local Galilean
transformations implies that the stress-mass tensor is symmetric. Then the Cauchy stress
given by its spatial components and the mass current given by ρµ = T µνnν is conserved
due to local U(1)M invariance. Similarly, diffeomorphism invariance gives us a work-energy
equation for εµ and a conservation law for T µν (see [21] for details).
However, there are further constraints on the currents coming from the form of our action
(3.11). Since, we are working with m = 0, s = 0 the action is independent of the mass gauge
field α and the background spin current ω. As a consequence, we have
ρ˜µ = 0, nµs
µνλ = 0 (3.15)
The action does depend on the boost connection̟a through the vorticity Ω, however (2.22)
gives us the additional constraint
bµν = 2sµνλnλ = −12εµνJ0 (3.16)
Now we compute the above currents explicitly about a simple background, in an inertial
frame (t, x, y) with constant magnetic field B and vanishing electric field
e
I =

 dtdxi
0

 , T I = 0, A = Bxdy (3.17)
We will consider a general statistical gauge field a, and decompose it into its magnetic field
b and the electric field ei.
For this background we have
T˜
I = 0, ω˜AB = 0, A = A, u
µ = (∂t)
µ, Ω = 0 (3.18)
Note that our chosen inertial frame coincides with the frame of the drift velocity. We will
also write down the current components in the above chosen inertial frame, the results in any
other frame can be obtained by applying suitable local Galilean transformations (see [19–21]).
This computation is pretty tedious — the composite fermion action (3.11) depends ex-
plictly on the fields uµ, the effective gauge potential A and the effective spin connection
ω˜
A
B which, in turn, depend on the background fields we need to vary. So we relegate the
details to the appendix A and simply summarize the results below.
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The charge density and currents are given by
J t = 1
4pi
(B − b)− ∂iP i
J i = − 1
4pi
ǫijej + ∂tP
i
(3.19)
where P i is the electric dipole moment (or polarization) of the form
P i = − i
2
B−1ǫijΨ†
↔
DjΨ− 14∂i(B−1Ψ†σ3Ψ)− 116piB−1∂i(B − b). (3.20)
The total charge is Q = (Nφ − nφ)/2, and the dipole moment is ℓ2B zˆ × ~k.
The Cauchy mass current and stress are
ρi = −1
4
ǫij∂j
[−1
2
Ψ†σ3Ψ+ 1
8pi
(B − b)− J t]
T ij = − i
2
vFΨ
†σ(i
↔
Dj)Ψ− 1
8pi
(∂(iej) − δij∂kek)
(3.21)
Note that the mass density locally vanishes, ρt = 0, while the mass current ρi is pure ma-
gentization.12
The energy density and current is
εt = − i
2
vFΨ
†σi
↔
DiΨ
εi = i
2
vFΨ
†σi
↔
DiΨ,
(3.22)
while the boost current is
bij = −1
2
ǫijJ t (3.23)
satisfying the constraint (3.16) from the shift symmetries.
Since the action is linear in the statistical gauge field a, we can integrate it out exactly
to find constraints which determine the composite fermion current
jtCF = Ψ
†Ψ = 1
4pi
B
jiCF = vFΨ
†σiΨ = 0
(3.24)
When we turn on electromagnetic perturbations, the electric dipole moment cancels the
leading contribution from the mixed Chern Simons term adω˜, cancelling its contribution of
1
4pi
ǫijEj . In momentum space we find
δjtCF =
δB
4π
, δjiCF =
1
8π
ℓ2B
(
~k2ǫijδEj − ωkiδB
)
2 + ℓ2B
~k2
, (3.25)
and so jiCF ∼ ∂2E.
12A similar mass magentization current was found for the Wen-Zee action in [21].
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4 Conclusion
In this paper we have constructed an action for the composite Dirac fermion that is not
merely Galilean invariant but also consistent with additional symmetries of electrons in the
lowest Landau level. We demonstrate that any low-energy description of electrons in the
lowest Landau level feel a nontrivial curvature when electromagnetic fields are turned on.
Due to the massless limit of the electrons we find that any composite fermion must have an
electric dipole moment ~d = ℓ2B zˆ × ~k. Even if we had considered a nonrelativistic composite
fermion, a similar argument for constructing a time derivative would again guarantee the
dipole moment. We have calculated physical stress, mass and energy currents for this theory
as well as the constraint equations imposed by the statistical gauge field.
There are many future directions one can consider following this work: first of all, the
proper inclusion of long-range Coulomb interactions in the LLL, following [36], has not been
considered. We also conjecture that the formalisms outlined here are precisely what is neces-
sary for a covariant completion of the bi-metric theory of FQH states [37]. Also, now that we
have constructed physical operators for the composite Dirac fermion theory, one should be
able to directly calculate physical quantities for Jain states such as the Hall viscosity, finite
wave-vector Hall conductivity, and static structure factor, and check whether they satisfy
various conjectured relations for states in the LLL (some of these checks are addressed in
upcoming work [9]). It would also be interesting to calculate transport properties for the
compressible ν = 1
2
state itself.
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A Computation of currents
To compute the currents we first vary the action (3.11) considering eI , ω˜AB, u
a, A and a
as independent fields (there is no explicit dependence on the mass gauge field α)
δS =
∫
|e|
(
− εµδnµ + tˆµa(δea)µ + s˜µABδω˜µAB + raδua + J µδAµ
)
(A.1)
14
to get
εµ = i
2
vF
[
Ψ†σµ
↔
DtΨ− uµΨ†σa
↔
DaΨ
]
tˆµν = − i
2
Ψ†Γµ
↔
DνΨ+ i
2
hµνΨ†Γλ
↔
DλΨ
s˜µAB = 1
2
[−1
2
Ψ†σ3Ψuµ + 1
8pi
(B − b)uµ − 1
8pi
εµνeν
]
ǫAB
J µ = 1
4pi
(B − b)uµ − 1
4pi
εµνeν
ra =
i
2
Ψ†
↔
DaΨ
(A.2)
where we have used the shorthand Γµ = uµ + vFσ
µ.
Now following [21], we now convert δω˜µAB into variations of the coframe e
A and the
variation of the torsion of the effective connection (2.32). Note that δT˜A = d(δα+ δube
b)nA
on our background. Thus we have
∫
|e| (tˆµa(δea)µ + s˜µABδω˜µAB + raδua)
=
∫
|e|
(
Tˆ µa(δe
a)µ + Tˆ
µ0δαµ +Raδu
a
) (A.3)
with
Tˆ µ0 = 0
Tˆ µν = tˆµν − 2∇λSˆνµλ + 2∇λ(nρS˜ρµλ)uν
Ra = ra + 2eaµ∇λ(nνS˜νµλ)
(A.4)
with S˜λµν = 1
2
(
s˜λµν − s˜µνλ − s˜νλµ).
Next we write the variations of ua and A in terms of variations of A and ̟a as follows.
For our background (3.18)
δΩ = εµν∇µδuν + ǫµaδ̟µa (A.5)
so we get
δA = δA− 1
2
(εµν∇µδuν + ǫµaδ̟µa)n (A.6)
For the effective drift velocity
δuµ = B−1
(
εµνλ − uµενλ)∇νδAλ (A.7)
and thus
Raδu
a = Rau
µδeaµ +Rae
a
µδu
µ
= Rau
µδeaµ +Rae
a
µB
−1εµνλ∇νδAλ
(A.8)
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Thus, ignoring the higher derivatives of δuµ we have
∫
|e|
(
Tˆ µa(δe
a)µ + Tˆ
µ0δαµ +Raδu
a + J µδAµ
)
=
∫
|e|
(
T˜ µa (δe
a)µ + b
µaδ̟µa + J
µδAµ
) (A.9)
with
T˜ µν = Tˆ µν + uµRν
Jµ = J µ +B−1εµνλ∇νRλ
bµν = −1
2
J0εµν
(A.10)
Finally we carry out the “improvement” procedure in [21] to get the Cauchy stress-mass
tensor
T µν = T˜ µν − 2∇λ(−14J0uνεµλ) (A.11)
Explicitly, computing all the above quantities we get the currents summarized in Sec.3.1.
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